2. Difference Equation Solution Technique

Tutorial 6

Consider the following model of a closed economy. Y denotes output, C denotes
consumption expenditure, and | denotes investment expenditure. The subscriptst and t-1
refer to the respective time periods.

Yt = Ct + |t 6.1
Ci = 200+ 0.75Yt1 6.2
[t = 150 + 0.15Y:1 6.3

1. Condense the model into a difference equation involving output and comment on its
properties.

2. Solve for equilibrium output (assume Yo = 4000) and comment on the time path of
output.

Solution

1) Substitute equations (6.2) and (6.3) in (6.1) to get the reduced form equation in terms
of Yt

= Y; = 200+ 0.75Y:_1 + 150 + 0.15Y;1

or

Yt —0.9Y1 = 350 6.4

What we have is a first-order nonhomogeneous difference equation in terms of ;.

Conjecture Suppose we are seeking the solution to the first-order difference equation
Y1 — aY: = c where a and ¢ are two constants. The general solution will consist of the
sum of two components: a particular integral yp (representing the intertemporal
equilibriumlevel of y), which is any solution of the complete nonhomogeneous equation



(6.4), and a complementary function y. (representing the deviation of the model from
equilibrium), which is the general solution of the reduced equation.

Since, the complementary function of afirst-order difference equation y. can be
expressed as

yc = Albt
we can write the complementary function for this particular problem as:
Yo = A1(0.9)"

2) Theintertemporal equilibrium or the particular solution for the model can be
computed by setting the characteristic equation to equilibrium (where * denotes equilibrium
values):

Y - 0.9Y* = 350
yp = Y* = 3500

Thus the general solution for the model can be expressed as:

Yi = Ve +Yp = A1(0.9)" + 3500 6.5

At time t=0 we have:

= Yo = A1(0.9)° + 3500

= 4000 = A1(0.9)° + 3500

A: = 500

Substituting A; = 500 in (6.5) yields:



Y; = 500(0.9)" + 3500

Whether the equilibrium is dynamically stable is a question of whether or not the
complementary function will tend to zero ast — <. The value of b is of crucia importance
in this regard. On the other hand the arbitrary constant A only produces a scal e effect
without changing the configuration of the time path. Since the characteristic root b = 0.9 or
|b| < 1 the model is convergent. The model is therefore stable asiit gradually converges
towards 3500 without oscillation over time.



Tutorial 7

Consider the following model (Prof. Paul Samuelson’s (1944) classic
multiplier-accelerator model) which seeks to explore the dynamic process of
income determination. Y denotes output, C, |, and G denote consumption,
investment, and government expenditure respectively. The subscript t and t-1
refers to the respective time periods.

Yi =Ci+ It + G 7.1
Ci=Co+CYr1 7.2
It = |0+W(Ct—Ct_1) 7.3

where0 < c < 1, w > 0, and Gt = Go.

1. Condense the model into a difference equation involving output.

2. Solve for equilibrium output.

3. Comment on the time path of output if w = 0.9 and c = 0.5.

Solution

1) In order to condense the model into a difference equation involving output, write
down the model in equilibrium form and take deviation of the model from equilibrium
(where * denotes equilibrium values).

Y =C*+1"+Gg 7.4
C* =Co+cY* 75
" =1lg+wW(C*-C%) 7.6

Model in deviation from equilibrium (denoting Y; — Y* =; for notational
convenience):

Yi = Ci + | 7.7
Ct = cYi1 7.8
It = W(Ct - Ct—l) 79



Definition The backward shift or lag operator is defined by LX; = Xi-1, L"X; = Xin for
n=.. -2,-1,0, 1, 2,.... Formally, the operator L" maps one sequence into another
sequence.

Thus, we can re-write (7.9) by using the lag operator as,

Iy = W(ACt) = W(l— L)Ct 7.10

Similarly we can express (7.8) as;

Ci = CcYr1 = CcLY; 7.11

Substituting (7.10) and (7.11) in (7.7) yields;

Yy = cLY; + w(1l—-L)cLY;

Collecting termsin Y; yields (note we are including the C which denotes the constants
omitted earlier):

= Y{l-cL-wl-L)cL]=C
= Yi{l-c(l+w)L+Wwc)L?]=C

Yi—c(1+W)Yer1 + (WC)Yi2 = C 7.12

What we have is a second-order nonhomogeneous difference equation in terms of Y.

2) In order to solve for equilibrium output revert back to equations 7.4,7.5, and 7.6.
From 7.6 we get:

e 7.13
Substitute equation (7.5) in (7.4) to get;



=Y =Co+cY" +10+Go

w 1
Y = ) (Co+1o+Go)

l - . - -
where Yoy Isthe Keynesian multiplier.

3) Substitutew = 0.9 and ¢ = 0.5in (7.12) to compute the time path of output.

Y — 0.5(1+ 0.9)Ye1 + (0.9)(0.5)Yer = C

Conjecture Suppose we are seeking the solution to the first-order difference equation
Yu1 — @Yt = c where a and ¢ are two constants. The complementary function of a
first-order difference equation y. can be expressed asy. = A;b'.

Conjecture Trying out a solution of the formy; = Ab' on the second-order difference
equation yields— Ab*2 + a; Ab*! +a,Ab! = 0 or, after cancelling out the (nonzero)
common factor Ab!, we can express the higher-order difference equation
as— b?+aj;b+ a, = 0. This quadratic equation possesses the two characteristic roots by
and bs.

095+ [(-0.95)° - 4(1)(0.45)  (o95+ JO.90— 18
= bl,bz = > = 2

Since b? < 4ac we have complex or imaginary roots. In the case of a complex root we
can write the solution as:

Y: = Abtcos(bt — €)

where

~la  -1(-095

78 _ —5(09) 0475 _ 708
Jb =) J0.45 0.671

0 = cos(0.708) = 44.93

CcosO =

Note: Here a and b denote a;and a; respectively in Chiang’'s (1984, pp.513) treatment
of higher-order differential equations.

2n _ 360° _ _360° _—
For cycles 4 = =5~ = o= =8 quarters.






Tutorial 8

Consider the following model of a closed economy. The system consists of four
equations in four endogenous variables (Ci, Y:, Tt, and I) and one exogenous variable
Gt = Geo.

Yi=Ci+ i+ Gy 8.1
Ct = co+Ca(Yer — Tra) 8.2
lt = io+i1(Ye1 — Yi2) 8.3
Te=1 8.4

1. Condense the model into a difference equation involving output.

2. Solve for equilibrium output and comment on the time path of output if;

Co = 100
io =200
c1 =05
ip1=05
t=02
Go = 500

Solution

1) Substituting equations (8.2), (8.3), and (8.4) in (8.1) yields:

= Yt =Co+ io+Go+ [Cl(l—’t) + il]Yt_l — ilYt_z
Yt—[Cl(l—T)+i1]Yt_1+i1Yt_2 = Co+i0+Go =C 85

where‘C’ denotes all the constants collected together. Equation (8.5) is a second-order
nonhomogenous difference equation in output.

2) The particular integral or the intertemporal equilibrium of the model is given by
writing (8.5) - the characteristic equation in equilibrium form (where * denotes equilibrium
values):



= Y*—[Cl(l—T)+i1]Y*+i1Y* = Co+io+Go =C

«_ Co+tio+Go _ 800 _
Y= fotlodGo _ 800 _ 13333

The complementary function is given by (after substituting the values):

= Yi— [05(1 — 02) + O.S]Yt_l + 0.5Yt_2 =Co+ io + Go =C
or

Yt — 0.9Yt_1 + 0.5Yt_2 =C

As explained in the previous tutorial a second-order difference equation of thisform
can be expressed as a quadratic equation of the form (ax? + bx + ¢). Hence, the
characteristic roots are:

0.9+ /(-09)*-41)(05) 09+ /08I=2
B 2

= b1,b2 = 5

Since b? < 4ac we have complex or imaginary roots. In the case of a complex root we
can write the solution as:

Y: = Abtcos(t — €)

where

-1la -1(-09)
_ 2% _ "2 _ 045 _
cosO = 7 = Jos = 0707 = 0.64

0 = cos1(0.64) = 50.21

Note: Here a and b denote a;and a; respectively in Chiang's (1984, pp.513) treatment
of higher-order differential equations.

2n _ 360° _ _360° _—
For cycles £+ = =2= = =~ =7.2 quarters.



Tutorial 9

Consider the following modified version of Sargent (1987(a)) model of a closed
economy. The operator E refers to an expected value based on the information available at
timet-1. All other notations have their usual meaning.

Yi = Ci+ (It —1+1) (market clearing condition) 9.1
Ci = -YP: (demand curve) 9.2
It = 0(Et-1Pt1 — Pr) (inventory demand) 9.3
Yi = YEa Pt + & (supply curve) 94

where o, v, and ¥ > 0. &; represents the effects of exogenous variables on supply.
Assume perfect foresight so that Ei—1P; = Py for al t.

1. Condense the model into a difference equation involving P; and comment on itstime
path.

Solution

1) Substitute equations (9.2), (9.3), and (9.4) in (9.1) to get the reduced form in terms of
Pt:

= YPi+ & = —¥YPi + [a(Pt1 — Pr) — 0Py — Pre1) ]
= o(Pu1— Pt) — (Pt — Pi1) — WPy — YP: = &
= 0Py1— 2o+ ¥ +y)Pi + aPyg = &

Dividing throughout by a yields:

Y+
Pt+1—(2+ ay)Pt-i-Pt_l:%

Definition A forward lag operator isdefined by L=1X; = X1, L™"X¢ = Xun forn= ...,
-2,-1,0, 1, 2,..... Formally, the operator L" maps one sequence into another sequence.



Y+y
o

L_lpt—(2+ )Pt+LPt = %

Collecting termsin P; and then multiplying throughout by L yields:

\P+'Y at_l
:>|:1—(2+ o )L+L2]Pt:T

Let (2+=1) = ¢. Then

[1- 9L +L2]P; = ‘t’&l 9.5

We need to factor the polynomial 1 — ¢L + L? as:

1-AL-
[1-oL+L%]=@Q-2L)2-AoL) = 9.6
() ( 1L)( L) ( Tl + ArhoL? )

= (l - (7»1 + 7\2)L + 7u17u2L2)

sothat weneed A1+ A2 = 0, A1dp = 1.

For the second equality (A1A2> = 1) to hold A, hasto betheinverse of A; (A2 = x—ll).

Thus we can rewrite (9.6) as:

[1-0L+L2] = (1-AL)(1-A"1L)

Similarly we rewrite (9.5) as:



P, — OC_lE_,t—l _ E,.t—l
T T1I-eL+L?]  al-AD(I-AI)

Thus the general solution (characteristic equation) for this second-order
nonhomogeneous difference equation can be expressed as:

_ St1 t 1)
P Sana D A +A2(x)

where A; and A, are the arbitrary constants and A (b;) and % (b2) are the characteristic
roots.

Note that
o= (2+ %) = A1+ A2 > 2sincea, v, and ¥ > 0.

It follows that one of our roots necessarily exceeds 1, the other necessarily isless than
1. Since, the dominant root |A| > 1, the price level would follow an explosive
nonoscillatory path.



Tutorial 10

Consider the following illustration from Sargent (1987(a)). The operator E refersto an
expected value. All other notations have their usual meaning. Let M; be the natural
logarithm of the money supply, P: thelog of the price level and EP.1 the log of the price
expected to prevail at time t+1 based on the information available at timet. The model is

M — Pt = (X(EtPH.]_ - Pt) 10.1
EiPu1— Pt = B(Pt — Pr1) 10.2

whereo < Oand 3 > 0.

1. Condense the model into a difference equation involving the price level and
determine the long-run equilibrium value of P; once we impose the stability condition

op
o | <17

2. What is the long-run equilibrium value of P; if we assume perfect foresight? What
sort of terminal condition is necessary to rule out the occurrence of runaway inflation?

Solution
1) Substitute equation (10.2) in (10.1) to get:

M¢— Py = OCB(Pt —Pr1 ) 10.3

= OCBPt —OLBLPt +P: =M,
= (1+of —ofL)P; =M,

Dividing throughout by 1 + of} yields:



P —( opL )PtEPt (1—1‘1—%) - 12"&[3 10.4

Suppose for notational convenience we call,

Pt = yt
Me  _
T+op ™
of
1+of

Then we can rewrite (10.4) as:
Yt (1—xL )xt %h Xt

Note

Y MXe = X+ AXe1 + AXe2 + ..o
=0

oo

Y MXej = X+ ALX; + AZL2X; + ...
j=0

Y Mxej = x(1+AL+A2L2 + ..)
i-0

(Summation of an infinite series)

> a0 =x( )

=0



As aresult we can write the general solution as:

j
= P; = ) Mt + Abt

1+oc[3 2( 1+of

P, = l+0cB 2( T+ o8 )th_j +A(#%B)t 105

where A isthe arbitrary constant and b is the characteristic root. Consequently, thisis
the general solution (characteristic equation) which describes the entire time path of the
price level given the time path of M.

In order to arrive at the particular solution we must set the model to equilibrium and
solve for P* which denotes equilibrium price level. So we can write (10.5) as:

P l+0cB 2( 1+ B)jM*“LA( 13%5 )t

op

Since Trop

toinfinity.

< 1, the second term in our particular solution tends to zero as time tends

im (rrap ) -0

Hence we can write our particular solution as

) * of of \?
=P _1-'\|-/|OCB( 1+0¢B+(1+0¢B) +)

ko __ M* 1 — *
1+of

Thus, the long-run effect of a once-and-for-all jump in money supply isto drive the




price level up by an equal amount (provided the above stability condition is met).

2) If we assume perfect foresight then the money demand function becomes:

M =Pt = o (Pea —Pr)

= O(.Pt+1 —OLPt + Pt = Mt
= [aL 1+ (1-0)]P: = M¢

Dividing throughout by oL ! yields:

= [1+1=2 ]p - M
o

oLt L1
(a—1) M
- [1_ ol ]Pt: Ea
or
Pt — Mt—l % l

Thus we can write the general solution as:

:%i( L)'My +A(251) 10.6

j=0

In order to arrive at the particular solution we must set the model to equilibrium and
solve for P* which denotes equilibrium price level. So we can write (10.6) as:

S C OS]

j=0

—



Note that

P* =M +A( oc&l )t

However, since (1) > 1 aso < 0 the second termi.e., A(:L)" would be explosive.
We would therefore require that A = 0 (terminal condition) in order to rule out a bubble.



Tutorial 11

Consider the following model of a closed economy. © denotes the inflation rate, u
denotes the unemployment rate, and mis the growth of money stock. Treat o as exogenous.
The superscript e refers to an expected value. The subscriptst and t+1 refers to the
respective time periods.

e = oL — Pu; + yre of>00<y<x1
T, = T¢ + A — ) O<Ax1
Uw1 = Uy — O(M— 1) 60>0

1. Condense the model into a difference equation involving

(i) the inflation rate,
(i) the unemployment rate.

2. Solvefor
(i) the equilibrium inflation rate,
(i) the unemployment rate.

3.0fa=20B=10y=42=435=4
find the time path of the inflation rate.

4. Comment on the time path of therate of inflation if y = A = 1.

Solution

1) Expressing the model in equilibrium (where * denotes equilibrium value):

n* = o — Bu* +yn® 111
n® = n® + Mn* — n®) 11.2

u* =u*+é(m-m*) 11.3



Model in deviation from equilibrium (denoting ©; — n* = = for notational
convenience):

T = —But + ’YTEte 11.4
nE, = T¢ + M — F) 11.5
Ut+1 = U + 87'Ct+1 11.6

Using the lag operator we can simplify equations (11.5) and (11.6) as follows:
= Lnf = nf+ Amy— Amf
= (Lt-1+ A)nf = Amy

e 7LTCt _ 7LLTCt
_ _ 11.7
(L-1+2) [1-LA-2)]

ks

= L‘lut = Ut + BL_lTCt
= (L_l — 1)Ut = SL_lTCt

_ OLtm _ om
W= 5 =D 11.8

Substituting (11.7) and (11.8) in (11.4) yields:

_ on ALT
== B( a-0 ) ”( A= L-7] )

Collecting termsin m; yields:

i (1+PB3)+(-1+A—-1—-B6+POA—YyA)L +
t (1= \+yA)L2



QA+BO)m+ (—2+A—PBO+POA—yM)m1 +(L—A+YAM)m2 = 0

Note that by writing down the model in deviation form we have successfully omitted
the constants i.e., o and m. We can now add the constants to the second-order difference
equationin .

A+ BO)mi+(-2+A—PBd+POAL—yYA)me1 +(L—-A+YAM)n2 = C 119

where C denotes the omitted constants.

OFor a second-order difference equation the solution for the complementary function
can be written as e = A1(b1)' + Az(b2)"' where A; and A; are the arbitrary constants and
b1 and b, are the characteristic roots. As we have seen already, a second-order difference
equation can be represented as a quadratic equation and its roots can be computed by
applying the quadratic formula,

_ —b+t Jb?2-4ac

If (b? > 4ac) we have real roots. On the otherhand if (b? < 4ac) we have complex
roots.

In the case of complex roots we can write the solution ssmply as

e = AL cos(Bt — ¢€)

_1g
where cosf = —2—.
0 Jb=)

where A is the dampening factor.




In order to obtain a difference equation in terms of the unemployment rate go back to
equation (11.8):

_ 57tt
T aoD
or
= % 11.10

Substitute (11.10) in (11.9) for mtt, w1 €tc to obtain a second-order nonhomogenous
difference equation in terms of the unemployment rate.

2(i) For equilibrium inflation rate go back to equation (11.3). Note that m— nt* = O that
is, equilibrium inflation is equal to the growth in money supply.

2(ii) For equilibrium unemployment rate go to equation (11.2). From equation (11.2)
we know that n¢ = nt*. Substituting thisin equation (11.1) yields:

U = oc—(lB— y)*

Wheny = 1, wehaveu® = % That is the long-run aggregate supply or the Phillips
curveisvertical.

3. Substituting the given values in equation (11.9) (ignoring the constant term for
simplicity) yields:

(1+10>< %)nﬁ (—2+l—10><%+1Ox%x%—%x%)nt_1

or



6my — 3—6:|'713t_1 + %Ttt_z =0

Dividing throughout by 6 yields:

¢ — 0.86m1 + 0.14m:> = 0

Therefore the roots of this quadratic equation are:

by b, = 0-80% Voé”‘ 056 | —022andb, = 0.64

Since, (b? > 4ac) we have real roots. Thus the complementary function is given by
e = A1(0.22)"' + A2(0.64)"' where by is the dominant root. Ast — oo this model converges
in the form of a step function.

4. Substituting the given values in equation (11.9) (ignoring the constant term for
simplicity) yields:

= 67'Et — ZTEt_l + T2 = 0
Dividing throughout by 6 yields:

Tt — 0.337'Ct_1 + 0.177'Ct_2 =0

_ 033+ y0.11-0.68

Since, (b? < 4ac) we have complex roots.

In the case of complex roots we can write the solution simply as:



e = AN coS(Ot — €)

-2(-033)
Yo 0.42
Note: Here a and b denote a;and a, respectively in Chiang's (1984, pp.513) treatment
of higher-order differential equations.

where cosf =

0 = cos1(0.42) = 65.17

For cycles 2% = 5.5 quarters (provided the model is a quarterly model).



Tutoria 12

Consider the following model of a closed economy. p denotes the price level, x denotes
output, and Amis the growth of money stock. The superscript e refers to an expected value.
The subscriptst and t-1 refers to the respective time periods.

Apt = aXt-1 + Apgy
Apf = AAp: + (1 - M)ApE 4
AXt = S(A_m— Apt)

1. Condense the model into a difference equation involving
(i) the price levdl,
(i) full-employment output.

2. Solvefor
(1) the equilibrium price level,
(i) the equilibrium output.

3.Ifa=021=0206=01;
find the time path of the price level.

4. Comment on the time path of the price level if A = 1.

Solution

1) Expressing the model in equilibrium (where * denotes equilibrium value);

Ap* = ax* + Ap® 12.1
Ap® = AMpP* + (1 - A)Ap* 12.2
AX* = 8(Am— Ap*) 12.3

Model in deviation from equilibrium (denoting nt: — n* = ¢ for notational
convenience):



Apt = aXe1 + ApPE 4 124
Apf = APt + (1 — M)ApE 4, 125
AX = —SApt 12.6

Using the lag operator we can simplify equations (12.5) and (12.6) as follows:

= (1-L)pf = M1-L)pt+ (1 -A)Lpf(1-L)
= pfll- (1 -A)L] = Ap

e _ }\'pt
PY = 1o 127

= (1 - L)Xt = —8(1 - L)pt

Xt = —Opt 12.8

Substituting (12.7) and (12.8) in (12.4) yields:

- - al(- Apy _
= (1-L)pt = al(-dpy) + L( -0 )(1 L)

(1-L+AL—-L+L?-AL?)p; = —adp:L + adL?p; — adpiAL?
+ L?\,pt - 7\,pt|_2

Collecting termsin p; yields:

1-L+AL—-L+L%2-AL2+adL —adL?2+ adAL? -
= Pt =C
LA+ AL2
pt—[2—adlpr1 +[1—ad(l—A)]lpr2 = C 129

where C denotes the omitted constants.



In order to obtain a difference equation in terms of output go back to equation (12.8):

Xt = —Op

or
Dt = —(%)xt 12.10

Substitute (12.10) in (12.9) for p:, pi—1 €tc to obtain a second-order nonhomogenous
difference equation in terms of outpuit.

2) In order to compute equilibrium output go to equation (12.2);

Ap® = MAP* + (1 - A)Ap®

= Ap¥[1-(1-A)] = AAp®

ApE = Ap’

Substitute thisin (12.1) to get equilibrium outpuit:

Substitute the value of equilibrium output in (12.3) to get equilibrium price level:
Am = Ap*

3. Substituting the given values in equation (12.9) (ignoring the constant term for
simplicity) yields:



= pt—[2-(0.2)(0.1)]p-1 +[1-(0.2)(0.1)(1-0.2)Jpt2 = O

or

Pt — 1.98pt-1 + 0.984pt> = 0

Therefore the roots of this quadratic equation are;

198+ y3.92-39
b1,bs = 5

Since (b? < 4ac) we have complex roots.

In the case of complex roots we can write the solution simply as:

pt = AAtcos(Ot —€)

~1(-1.98)
J0.984

where cosf = = 0.998

6 = cos1(0.998) = 3.62

For cycles % = 99 quarters (provided the model is a quarterly model).

4. Substituting the given values in equation (12.9) (ignoring the constant term for
simplicity) yields:

pt —1.98pt-1 + pt2 =0

198+ /3924
b1,bs = >



Since (b? < 4ac) we have complex roots.

In the case of complex roots we can write the solution simply as

pt = ALtcos(6t — €)

—%(—1.98)

T = 0.99

where cosf =

0 = cos1(0.99) = 8.11

For cycles 22 = 44 quarters (provided the model is a quarterly model).



Tutoria 13

Consider the following Neo-Classical/Keynesian Synthesis model where notations have
their usual meaning.

yi = —ore+ d IS curve 13.1
m = pt+ Wi — BR LM curve 13.2
p; = pi€+ d(y: —y*) Phillips curve 133
Apt® = Mpr1 — Pis) Adaptive expectations 134
R =ri+pi; Fisher equation 135

wherexi = AXt = Xt — X-1.

1.Condense the model into a difference equation involving the price level.

2.1fa=05B=3,0=0.2,v=1,and A = 0.1; find the time path of the price level.

Solution

1) Expressing the model in equilibrium (where * denotes equilibrium value):

y*=—ar*+d 13.6
m =p*+yw - BR" 13.7
p = P+ —y) 13.8
Ap® = A(p* - p) 13.9
R =r"+ p* 13.10

Model in deviation from equilibrium (denoting y: — y* = y: for notational convenience):



Vi = —0lr'¢ 13.11

0=p:+W:—BRe 13.12

pi = pi°+ Oyt 13.13
Api® = Mpi1 — Pif1) 13.14
Ri =ri+pi 13.15

Using the lag operator we can simplify equations (13.14) as follows:

(1-L)pi® = ALp; — ALp;®

ALp; _ ALp;

PE= AL - @=@-nD 1316
Substituting (13.16) in (13.13) yields:
= pt = (1_?1'EEK)L) + OVt
Multiplying throughout by (1 — (1 - A)L) yields:
= pill-L]=0oyd1-(1-A)L]
= 8[1p—{[(11_—|;»])L] S
From (13.11) we get:
r=-4 13.18
Substituting (13.16) and (13.18) in (13.15) yields:
Ro=-% 4 L—l( (1-(%%») ) 13.19

Substituting (13.19) and (13.17) in (13.12) yields:



0= pt+Wt_B(_% +L_1( (1—?1_EE7»)L) ))

_ B BA pi
O=pu+ (“U)V“ A=1-nD

) B pill—-L] \___ PBhpi
0=np:+ (’Y+ o )( S[L— (1=A)L] ) (1-@A-2L)

Note that pt' =Pt —Pt-1 = (1 — L)pt:

_ p [1-L)%p BA (1-L)pt
0=pc+ (“ E)( S[1— (1- A)L] ) T @L-a-n0)

Multiplying throughout by [1 — (1 — A)L] yields:

0= pl—(1-M)L) +[1- L]Z( LLhet )pt - L)BA

Collecting termsin p; yields a second-order nonhomogenous difference equation.

(1+ YOCO;;B —ﬁk)pt+(—1+k—2( Yaagﬁ)+ﬁk)pt_1

" ( YOLOLJEFSB )pt_z =C

where C denotes the omitted constants.

2) Substituting the given values above ( ignoring the constant term for simplicity)
yields:



1(0.5) + 3
(1+ —0.5(0.2) - 3(0.1))pt +

1(0.5) + 3
(—1 +0.1- Z(W) + 3(01))pt—1 +

105)+3 B
( 0.5(0.2) )pt‘z =0

= 35.7pt — 70.6pt-1 + 35pt2 = 0
Dividing throughout by 35.7 yields:
p: — 1.978pi-1 + 0.98pi2 = 0

Therefore the roots of this quadratic equation are:

_ 1978+ y3.912-3.92

Since, (b? < 4ac) we have complex roots.

In the case of complex roots we can write the solution simply as

pt = ALtcos(bt —¢)

1
-5 (-1.978)

Yo 0.999

where cosf =

0 = cos1(0.999) = 2.56

For cycles 255 = 141 quarters (provided the model is a quarterly model).



